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ABSTRACT 
This work explored how to develop valid arguments and valid mathematical proofs. It has 
also shown that a formal proof is written in symbolic language instead of natural 
language; it is based simply on symbol manipulation (no need of thinking, just apply the 
rules). In other words, a formal proof uses a fixed set of rules specifying what counts as 
an acceptable step. An informal proof of the sort used by mathematicians is every bit as 
rigorous as a formal proof. However, it is stated in English and is usually more free-
wheeling, leaving out the more obvious steps. This implies that in informal proofs steps 
are usually combined or skipped, axioms or rules of inference are not explicitly provided.  
Furthermore, rules of inferences for compound propositions, and quantified statements 
are carefully constructed, and then investigations on how to use them to produce proofs 
are critically analyzed. Finally, some areas of applications of proofs are highlighted. 
Keywords: Fallacy, Formal proof, Inference, Logical systems, Quantifiers. 
 
1.0 Introduction 
Proofs in mathematics are valid arguments 
that establish the truth of mathematical 
statements. An argument is a sequence of 
statements that end with a conclusion (final 
statement). The argument is valid if the 
conclusion follows from the truth of the 
preceding statements (premises). A proof 
starts from assumptions and proceeds to a 
conclusion by applying certain rules to the 
assumptions.  
What makes mathematics different from 
other disciplines is its reliance on proof as 
the principal technique for determining 
truth. Like beauty, “truth” sometimes 
depends on the eye of the beholder, and it 
should not be surprising that what constitutes 
a proof differs among fields. For example, in 
the judicial system, legal truth is decided by 
a jury based on the allowable evidence 
presented at the trial. In the business world, 
authoritative truth is specified by a trusted 
person or organization, or may be just your 
boss. In fields such as physics or biology, 
scientific truth is confirmed by (carefully 
analyzed) experiment. In statistics, probable 
truth is established by statistical analysis of 
sample data. Philosophical proof involves 
careful exposition and persuasion typically 
based on a series of small, plausible 
arguments (Lehman, Leighton, Meyer, 2013). 
Since the notion of proof plays a central role 
in mathematics as the means by which the 
truth or falsity of mathematical sentences is 
established; proof theory is in principle at 
least, the study of the foundations of all of 
mathematics (Buss, 1998). 

It is common for some forms of valid 
argument never to lead from correct 
statements to an incorrect conclusion; some 
other forms of argument called “fallacies” 
can lead from true statements to an 
incorrect conclusion. Such situations 
emphasized the importance of backing up 
assertions with proofs. Therefore, a result 
must be rigorously established before it may 
attain the honored status of a theorem. 
Part of the problem with formalizing 
mathematical reasoning is the necessity of 
precisely specifying the language(s) in which 
it is to be done. The natural languages 
spoken by humans would not do: they are so 
complex and continually changing as to be 
impossible to pin down completely. By 
contrast, the languages which underly formal 
logical systems are, like programming 
languages, rigidly defined but much simpler 
and less flexible than natural languages 
(Cupillari, 2001). A formal logical system also 
requires the careful specification of the 
allowable rules of reasoning, plus some 
notion of how to interpret statements in the 
underlying language and determine their 
truth. The real fun lies in the relationship 
between interpretation of statements, truth, 
and reasoning (Avigad, 2005 ). It is in the 
quest for an explanation that one begins to 
truly understand the principles governing 
fascinating mathematical observations, and it 
is in the careful writing of a proof that one 
certifies this understanding to oneself (and 
others). 
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People are often attracted to mathematics 
because of the potential for absolute 
certainty and the satisfaction that an 
irrefutable proof provides. 
A proof must follow certain rules of 
inference, and there are certain strategies 
and methods of proof that are best to use for 
proving certain types of assertions. The 
backbone of any good proof is a complete, 
watertight argument. The mathematical 
methods for achieving this depend a great 
deal on the type of problem under 
consideration. However, the general rule of 
thumb for proofs is to provide enough 
discussion to completely justify each step, 
but not so much as to obscure the overall 
thrust of the argument. In this respect 
excellent proofs resemble poetry, in that 
they say everything that is necessary in as 
few words as possible (Avigad, 2005). The 
challenge is to explain what can be gained 
from a proof beyond knowledge that the 
resulting theorem is true. Of course, one 
sense in which a proof may be viewed as 
constituting an advance is that it may 
actually establish a stronger or more general 
statement, from which the original theorem 
easily follows. But even in cases like these 
we need to account for the intuition that the 
proof can also augment our understanding of 
the original theorem itself, providing a better 
sense of why the theorem is true.  
2.0 Logical Arguments  
A pattern is a parameterized expression, i.e. 
an expression satisfying the grammatical 
rules of the language of logic, except for the 
use of meta-variables (Greek letters) in place 
of various subparts of the expression. A rule 
of inference is pattern of logically valid 
deductions from hypotheses to conclusions. 
In this section, discussions of the rules of 
inferences needed for compound propositions 
and quantified statements are considered, 
then how to combine them to form new well-

formed formulas are analyzed. These are 
basically the main ingredients needed in 
formal proofs. 
After showing how to write formal proofs 
using rules of inference for predicate logic 
and quantified statements, then informal 
proofs are discussed. 
2.1 Formal Proof 
A formal proof of validity for a given 
argument is a sequence of statements, each 
of which is either a premise of that argument 
or follows from preceding statements of the 
sequence by an elementary valid argument, 
such that the last statement in the sequence 
is the conclusion of the argument whose 
validity is being proved. A formal system of 
proof is written in a formal language 
consisting of certain strings of symbols from a 
fixed alphabet. Formal proofs are precisely 
specified without any ambiguity because all 
notions are explicitly defined, no steps (no 
matter how small) are omitted, no appeal to 
any kind of intuition is made. They must 
satisfy Hilbert's criterion of mechanical 
testing (Wigderson, 2010): The rules should 
be so clear, that if somebody gives you what 
they claim is a proof, there is a mechanical 
procedure that will check whether the proof 
is correct or not, whether it obeys the rules 
or not. 
Calude and Muller (1999) posits that by 
making sure that every step is correct, one 
can tell once and for all whether a proof is 
correct or not, i.e. whether a theorem has 
been proved. 
Hilbert's concept of formal proof is an ideal 
of rigour for mathematics which has 
important applications in mathematical logic 
(computability theory and proof theory), but 
seems irrelevant for the practice of 
mathematics (Calude and Muller, 1999). 
We now advance to construct formal proofs 
of the validity of some arguments using rules 
of inference as the only logical tools. 

Example 1 
Consider the following argument (sequence of propositions): 

If Prof. Ahmad offers chocolate for an answer, you answered the Prof's question. 
The Prof offers chocolate for an answer. 
Therefore, you answered the Prof's question. 
Let � be  “Prof. Ahmad offers chocolate for an answer” 
and � be “you answered the Prof's question”. 

The form of the above argument is:   

� 
  � ⟶ �

∴ �
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The argument is valid since  

(� ∧ (� ⟶ ��� ⟶ � 
 is a tautology. 
To determine whether a given propositional 
formula is valid, a single rule of inference is 
sufficient. The rule asserts that a wff � is a 
valid conclusion of the premises �	, ��,
.  .  .  �  if and only if the formula (�	 ∧ �� ∧
 .  .  .  ∧ �� ⟶ � is a tautology. The 

fundamental inference rule used is modus 

ponens as shown in the preceding Example1. 
When the statements above the line, called 
the antecedents, are proved, then it is 
consider that the statement below the line, 
called the conclusion or consequent, is also 
proved. 

 
2.1.1 Rules of Inference for Propositional Logic 
Inference Rule Tautology Name 

� 
  � ⟶ �

∴ �
 

 

(� ∧ (� ⟶ ��� ⟶ � 
 
 

Modus ponens 
(mode that affirms) 

                     ¬ � 
  � ⟶ �

∴ ¬ �
 

 

  (¬ � ∧ (� ⟶ ���  ⟶ ¬ �� 
 

Modus tollens 
(mode that denies) 

� ⟶ � 
 

� ⟶ �
∴ � ⟶ �

 

 

�(� ⟶ �� ∧ (� ⟶ ��� ⟶ (� ⟶ �� 
 

Hypothetical 
syllogism 

� ∨ � 
 

¬ �
∴ �

 

 

((� ∨ �� ∧ (¬ ���  ⟶ � 
 

Disjunctive syllogism 

�
∴ � ∨ �

 � ⟶ (� ∨ �� 
 

Addition 

� ∧ �
∴ �

 
(� ∧ �� ⟶ � Simplification 

� 
 

q
∴ � ∧ �

 

 

((�� ∧ (��� ⟶ (� ∧ �� 
 

Conjunction 

 
Example 2 
Show that the hypotheses: 

It is not sunny this afternoon and it is colder than yesterday. 
We will go swimming only if it is sunny. 
If we do not go swimming, then we will take a canoe trip. 
If we take a canoe trip, then we will be home by sunset. 

Lead to the conclusion: 
We will be home by the sunset. 
The validity of this argument may be 
intuitively obvious, but let us consider the 
matter of proof. The discussion will be 
facilitated by first translating the argument 

into symbolism. Then write a formal proof, a 
sequence of steps that state hypotheses or 
apply inference rules to previous steps. 
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Where: 
s: it is sunny this afternoon. 
c: it is colder than yesterday. 
w: we will go swimming. 
t: we will take a canoe trip. 
h: we will be home by the sunset. 
 

Step Reason 

1. ¬ � ∧ � 

2. ¬ �                                                                           
3. � ⟶ � 
4. ¬� 
5. ¬� ⟶ � 
6. � 
7.  � ⟶ ℎ 
8.  ℎ 

Hypothesis 
Simplification 
Hypothesis 
Modus tollens of 2 and 3 
Hypothesis 
Modus ponens of 4 and 5 
Hypothesis 
Modus ponens of 6 and 7. 

 
It is observed that to establish the validity of 
this argument by means of a truth table 
would require a table with thirty-two rows, 
because five different propositional variables 
are involved. Instead the validity of the 
argument is proved by deducing its 
conclusion using a sequence of just seven 
elementary valid arguments. 
2.1.2 Proving Quantified Assertions  
Propositional logic is a useful tool for 
reasoning, but it is limited because it cannot 
see inside propositions and take advantage of 
relationships among them. 
First-order logic (FOL) allow mathematicians 
to make quantity claims about ordinary 
objects such as blocks, people, numbers, 
sets, and so forth. Note that mathematics is 
very liberal about what an ordinary object is. 
Since the language only has first-order 
quantifiers, it is known as the language of 

first-order logic. Specifically, an assertion 
that a predicate is always true is called a 
universal quantification, and an assertion 
that a predicate is sometimes true is an 
existential quantification. 
While there are many forms of quantification 
in English, only two quantifiers are built 
explicitly into FOL. The two quantifiers, ∀ 
and ∃ are called existential quantifier and 
universal quantifier respectively.  
The symbol ∀ meaning “for all or everything” 
and ∃ meaning “there exists or something”. 
This may seem like a very small number of 
quantifiers, but surprisingly many other 
forms of quantification can be defined from 
∀ and ∃ using predicates and truth-functional 
connectives, including phrases like every 
cube, three blind mice, no tall student, and 
whenever (Barwise et al, 1999). 

 
2.1.3 Rules of Inference for Quantifiers 
Universal Instantiation ∀��(��

∴ �(��
 

Universal Generalization �(�����  �!"�� �# $%$!%�, �, �� �ℎ% &'"(%��%
∴ ∀��(��

 

Existential Generalization �(����� ��$% $%$!%�, �, �� �ℎ% &'"(%��%
∴ ∃��(��

 

Existential Instantiation ∃��(��
∴ �(��

 

 
Example 3 
Show that the premises: 

A student in Physics class has not read the book. 
Everyone in Physics class passed the first exam. 

Imply the conclusion 
Someone who passed the first exam has not read the book. 
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)(��:  “� is in Physics class” 
*(��:  “� read the book” 
�(��:   “� passed the first exam” 
Hypotheses:  ∃�()(�� ∧ ¬ *(���  and  ∀�()(�� ⟶ *(���. 
Conclusion:  ∃�(�(�� ∧ ¬ *(���. 
 
2.2 Informal Proofs 
An informal proof is a rigorous argument 
expressed in a mixture of natural language 
and formulae (for some mathematicians an 
equal mixture is the best proportion) that is 
intended to convince a knowledgeable 
mathematician of the truth of a statement, 
the theorem (Barwise, 1999). Routine logical 
inferences are omitted. “Folklore" results are 
used without proof. Depending on the area, 
arguments may rely on intuition. Informal 
proofs are the standard of presentation of 
mathematics in textbooks, journals, 
classrooms, and conferences. They are the 
product of a social process (Day, 2012).  
To be understandable and helpful, more is 
required of a proof than just logical 
correctness ( a good proof must also be 
clear). Correctness and clarity usually go 
together; a well-written proof is more likely 
to be a correct proof, since mistakes are 
harder to hide. 
There are several ways of proving a 
proposition, all of them being useful in 
different situations. It is impossible, 
however, to give an exhaustive list of 
strategies that will cover all possible 
situations, and this is what makes 
mathematics so interesting. Indeed, there 
are conjectures that mathematicians have 
spent much of their professional lives trying 
to prove (or disprove) with little or no 
success (Calude and Muller, 2009). Some 
typical methods of proof are enumerated 
below. 
2.2.1 Direct Proof (Proof by Construction) 
The first strategy to apply when attempting 
to prove any assertion is to give a direct 
proof. That is, assume the hypotheses that 
are given and try to argue directly that the 
conclusion follows. This is often the best 
approach when the hypotheses can be 
translated into algebraic expressions 
(equations or inequalities) that can be 
manipulated to give other algebraic 
expressions, which are useful in verifying the 
conclusion. 

In other words, in a constructive proof 
attempt is made to demonstrate � ⟶ � 
directly. This is the simplest and easiest 
method of proof (Ferry, 2010). There are 
only two steps to a direct proof (the second 
step is, of course, the tricky part): 

i. Assume that � is true. 
ii. Use � to show that � must be true. 

The following examples show simple direct 
proofs of some very familiar results. The 
familiar definitions of what it means for an 
integer to be even or odd are used. 
Example 4. If  '  is an odd integer, then '� is 
an odd integer. 
Remarks: We want to show that ∀(�('� ⟶
+('��, where �('� is “' is an odd integer” 

and +('� is   “'�  is odd”. 
We show this by proving that for an arbitrary 
', �('� implies +('�, without invoking the 
universal generalization. 
Proof. Let ' be an odd integer, then ' =
2- + 1 for some integer -. Then, 

'� = (2- + 1�� = 4-� + 4- + 1 = 2(2-� +
2-� + 1.      
However, at times a direct argument is 
insufficient or undesirable, particularly when 
one wishes to prove a negative result; i.e. 
that something does not occur. To illustrate 
this fact, consider the following assertion 
from set theory.  
“For arbitrary sets ), * and 1, if ) − 1 ⊈ ) −

*, then it follows that * ⊈ 1.” 
In this case an attempt at a direct proof 
becomes overly complicated at best, and 
flounders at worst. There is a strategy for 
handling a statement such as * ⊆ 1, but how 
do one deal with * ⊈ 1 ? More generally, how 
can one deduce one negative statement from 
another? In this case the obstacle is not that 
tools are lacking for dealing with set theory, 
but rather that there is a need for a whole 
new proof technique for handling negative 
statements (Feferman et al, 2010). 
2.2.2 Proofs by Contraposition 
If a direct proof of an assertion appears 

problematic, the next most natural strategy 

to try is a proof of the contrapositive.
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This method of proof makes use of the 
equivalence (� ⟶ �� ⟺ (¬ � ⟶ ¬ ��    In a 
proof by contraposition that � ⟶ �, we 
assume ¬ � is true, and using  axioms, 
definitions and previously proven theorems, 
together with inference rules, we show that 
¬ � must also be true. Thus, one way to 
prove an implication of the form   � ⟶ �, is 
to give a direct proof of its contrapositive   ¬ 
� ⟶ ¬ �.  
Example 5. If  ' is an integer and 3' + 2 is 
odd, then ' is odd. 
Proof: We prove the statement by 
contraposition. 
Assume ' is even. Then, by definition, ' = 2- 
for some integer -. Thus, 3' + 2 = 3(2-� +
2 = 6- + 2 = 2(3- + 1�. So, we have that 

3' + 2 = 2- ′ where  - ′ = 3- + 1, which means 
3' + 2 is an even number. This is the 
negation of the hypothesis of the theorem, 
which concludes our  
proof by contraposition.     
                                
2.2.3 Proof by Contradiction 
If we have tried unsuccessfully to find a 
direct proof of a statement or its 
contrapositive, we might next try to give a 
proof by contradiction. A proof by 
contradiction works as follows. To prove �, 
start by assuming that � is false and deduce 
consequences. If you deduce a contradiction 
with something known or assumed to be true, 
then the initial assumption that � is false was 
wrong. Therefore, � must be true. 
Example 6.  Let ' and $ be integers. If '. $ 
is even then at least one of ' or $ must be 
even. 
Proof. Assume '. $ is even and neither ' or 
$ are even. Therefore we can write ' = 2- +
1  and $ = 2� + 1 for some integers -, �. 

'. $ = (2- + 1�(2� + 1� = 4-. � + 2- + 2� +
1 = 2(2-. � + - + �� + 1. 
Showing that '. $ is odd. Since this is a 
contradiction, we conclude that the theorem 
is true.  
Remark 1: One possible reason this may 
happen is that one may be trying to do too 
much at once. The cure for this is to be 
patient: take small steps, using the 
appropriate definitions and previously proven 
facts, and see where they lead. When we 
wrote down ' = 2- + 1 and $ = 2� + 1, we 
did a number of fairly sophisticated things. 
First, we used our knowledge (definitions) of 
what it means for an integer to be odd. 
Second, in order for this information to be 

useful, we needed to translate this 
knowledge into a mathematical expression, 
or expressions in this case, that are subject 
to manipulation. And third, in setting up 
these expressions, we needed to use 
appropriate mathematical notation, so that 
we did not introduce any subtle or hidden 
relationships into the picture that are 
unwarranted by the hypotheses. 
Proof by contradiction is a powerful tool, 
applicable to a wide range of problems. To 
appreciate its versatility, consider the 
curious arrangement of squares discovered in 
1925 by a secondary school teacher in Poland 
named Zbigniew Moron. Such an arrangement 
is known as a perfect square dissection; it 
illustrates how to dissect a 32×33 rectangle 
into nine squares, each of which has a 
different side length (Pickover, 2009). 
2.2.4 Proofs by Cases 
Sometimes it is difficult to use a single 
argument that holds for all cases. Thus, one 
may use different methods of proof for 
different cases. The validity of a proof by 
cases rests on the following equivalence: 
8(�	 ∨ �� ∨ .  .  .∨ �� ⟶ �9 ≡ 8(�	 ⟶ �� ∧
(�� ⟶ �� ∧ .  .  .  ∧ (� ⟶ ��9. 
Example 7 
Prove that if ' is integer then '� ≥ '. 
Proof. We split the proof into three cases. 
Case (i)  ' = 0. 

In this case,  '� = 0� = 0 = '. 
Case (ii) ' ≥ 1 
In this case, when we multiply both sides of  
' ≥ 1 by '  we obtain  '. ' ≥ 1. '. This 
implies  '� ≥ '. 

Case (iii) '� ≤ −1 

In this case, '� ≤ −1, but  '� ≥ 0. Therefore, 

'� ≥ 0 ≥ −1 ≥ ' and so '� ≥ '. 
Remark 2: Sometimes the hypothesis of a 
statement can be broken down into simpler 
cases for easy investigation. 
A proof by cases can tend to be a little 
tedious. Here is an example of such a proof. 
Example 8 

If � is a real number such that 
>?@	
>A�

> 0, then 

either � > 1 or  −2 < � < −1. 
Proof. Assume  � is a real number for which 

the inequality   
>?@	
>A�

> 0 holds.  

Factor the numerator of the fraction to get 
the inequality 

   
(>A	�(>@	�

>A�
> 0. 
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For this combination of  � + 1, � − 1, and 
� + 2 to be positive, either all are positive or 
two are negative and the other is positive. 
This gives four cases to consider: 
Case 1. � + 1 > 0, � − 1 > 0, and � + 2 > 0. 
In this case � > −1, � > 1, and � > −2 which 
implies � > 1. 
Case 2. � + 1 > 0,  � − 1 < 0, and � + 2 < 0. 
In this case � > −1, � > 1, and � < −2, and 
there is no � satisfying all three inequalities 
simultaneously. 
Case 3. � + 1 < 0,  � − 1 > 0, and � + 2 < 0. 
In this case � < −1, � > 1, and � < −2 and 
there is no � satisfying all three inequalities 
simultaneously. 
Case 4. � + 1 < 0,  � − 1 < 0, and � + 2 > 0.  
In this case � < −1, � < 1, and � > −2, 
which implies that −2 < � < −1. 
Thus, either � > 1 (Case 1)  or  −2 < � < −1 
(Case 4). 
Example 9.  
There exists irrational numbers   and ! such 

that  D is rational. 

Proof. Consider the number  √2
√�

 which is 
either rational or irrational. 

Case 1. If √2
√�

 is rational, by choosing 

 =  ! = √2  we get that  D is rational. 

Case 2. If √2
√�

 is irrational, by choosing  

 = √2
√�

 and  ! = √2  we get that  D is 
rational since 

   D = (√2
√�

�√� = (√2�� = 2.      
       

Observe that this proof does not tell us 

whether √2
√�

is rational or irrational. We 
used the fact that it is either rational or 
irrational. 
2.2.5 Proof by Induction  
Proof by induction is a very powerful method 
in which recursion is use to demonstrate an 
infinite number of facts in a finite amount of 
space (Neale, 2011). A proof by induction is 
like a formal proof in which every step must 
be justified. However, it employs a neat trick 
which allows one to prove a statement about 
an arbitrary number ' by first proving it is 
true when ' is 1 and then assuming it is true 
for ' = - and showing it is true for ' = - + 1. 
The idea is that if you want to show that 
someone can climb to the '�ℎ floor of a fire 
escape, you need only show that you can 
climb the ladder up to the fire escape 
(' = 1� and then show that you know how to 
climb the stairs from any level of the fire 
escape (' = -� to the next level(' = - + 1�. 
Generally, to show that a statement F('� is 
true for all integer ' ≥ 'G (for some number 
'G),  two things need to be shown: 
1. Base case: F('G� is true. 
2. Inductive hypothesis (IH): Assume that 
F('�  is true for some ' ≥ 'G and show that S 
(' + 1) is true. 
It is usually trivial to show that the base case 
is indeed true; however, it is still very 
important to do so! 

Example 10.  For any ' ≥ 0 and  � ≠ 1, 

1 + � + ��+ .  .  . +� = >IJK@	
>@	

  

Proof. We first show the base case is true. For ' = 0 the statement F(0� claims that 

1 =
�GA	 − 1

� − 1
 

which is clearly true. 
Now, we make the following induction hypothesis (IH): 

1 + � + ��+ .  .  . +� = >IJK@	
>@	

 . 

We need to show 

1 + � + ��+ .  .  . +� + �A	 = >IJ?@	
>@	

 . 

1 + � + ��+ .  .  . +� + �A	 = >IJK@	
>@	

+ �A	 . 

 = >IJK@	A(>@	�>IJK

>@	
   

    = >IJK@	A>IJ?@>IJK

>@	
  

                                                 = >IJ?@	
>@	

. 

  

Ali Maiunguwa 

Dutse Journal of Pure and Applied  Sciences 2(1) June 2016        pp 141 - 149 

 

147 



 
 
 
The first equality follows from the inductive 
hypothesis (IH), and the rest is simple 
algebra. 
3.0 Application of Proofs 
The fundamental activity of mathematics is 
the discovery and elucidation, through 
proofs, of interesting new theorems. Proofs 
play a growing role in computer science; they 
are used to certify that software and 
hardware will always behave correctly, 
something that no amount of testing can do. 
Theorem-proving has applications in program 
verification, computer security, and 
automated reasoning systems among others. 
This is why it is sometimes considered a part 
of theoretical computer science. Since 
reasoning plays an important role in 

intelligent behavior, logic and proof are 
closely related to artificial intelligence 
(Avigad, 2005).  
Propositional logic proof is used to minimize 
the number of gates in a circuit, and to show 
the equivalence of combinational circuits. 
Now there exist highly efficient tautology 
checkers, such as BDDs (Binary Decision 
Diagrams), which have been used to verify 
complex combinational circuits (Barwise et 
al, 1999). This is an important branch of 
hardware verification. 
Chemical synthesis is a more offbeat example 
of the use of proofs. Under suitable 
conditions, the following chemical reactions 
are possible:  

L1M + N OL ⟶ N 1M + L�O 
1 + O� ⟶ 1O� 

1O� + L�O ⟶ L�1OP 
It can be shown that  L�1OP  can be made 
given supplies of  L1M, N OL, O�, and 1. 
Chang and Lee (1973) formalize the supplies 
of chemicals as four axioms and prove that 

L�1OP logically follows. The idea is to 
formalize each compound as a propositional 
symbol and express the reactions as 
implications: 

L1M ∧ N OL ⟶ N 1M ∧ L�O 
1 ∧ O� ⟶ 1O� 

1O� ∧ L�O ⟶ L�1OP 
Note that this involves an ideal model of 
chemistry. It is also observed in Chang and 
Lee (1973) that the reactions can be 
inhibited by the presence of other chemicals. 
This shows that Proofs about the real world 
always depend upon general assumptions and 
it is essential to bear these in mind when 
relying on such a proof. 
4.0 Conclusion 
The methods of informal proofs considered in 
this work are not exhaustive. Other methods 
such as proof by exhaustion, probabilistic 
proof, combinatorial proof and 
nonconstructive proof also exist. 
One purpose of a proof is to establish the 
truth of an assertion with absolute certainty. 
Formal notation and proof are rigorous, 
unambiguous and can be checked 
mechanically. Formalizing mathematics is 
easy, but writing formal, machine-checkable 
proofs is not. A formal proof is not a natural 
language argument. It is a calculation that 
follows precise rules. This is the whole point 
of formal methods. Instead of using natural 
(informal) language to reason about program 
correctness, we use formal notation and 
proof.  

 But humanly intelligible proofs are the only 
ones that help someone understand the 
subject of mathematics. This is the reason 
mathematicians generally agree that 
important mathematical results cannot be 
fully understood until their proofs are 
understood. That is why proofs are an 
important part of the curriculum in schools. 
Godel's Incompleteness Theorem (Feferman 
et al, 1986) shows that in every formal 
system satisfying a modicum of natural 
assumptions certain statements are true but 
not provable. In this sense, the formal 
approach to mathematics is not universal, 
not everything can be formally proved. Still, 
no universal alternative is available. Although 
a formal proof cannot guarantee 100% 
correctness because, for example, one 
cannot prove the correctness of the formal 
prover itself (a well-known result in 
computability theory), the certainty achieved 
is close to “certain” (Cooper, 2004). 
Computers are now used both to prove 
theorems and to carry out calculations that 
are lengthy and complex for humans to 
check.  
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Some mathematicians are concerned that the 
possibility of an error in a computer program 
or a run-time error in its calculation calls the 
validity of such computer-assisted proofs into 
question. However, the advent of these proof 
assistants in the last two decades was 
followed by an impressive record of deep 
mathematical theorems formally proved. The 

list includes G�Qdel Incompleteness Theorem, 
the Fundamental Theorem of Calculus, the 
Fundamental Theorem of Algebra, the Four 
Colour Theorem, Jordan's Curve Theorem and 
the Prime Number Theorem [see (Hales, 
2008; Harrison, 2008; Wiedijk, 2008 and 
Gonthier, 2008) for details]. 
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